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Abstract 
In this paper, we investigate the spectrum of light scattered from a 
Bose-Einstein condensate in the framework of -deformed boson. 
We use an -deformed quantum model in which the Gardiner’s 
phonon operators for BEC are deformed by an operator- valued 
function, , of the particle-number operator n . We consider the 
collisions between the atoms as a special kind of -deformation. 
The collision rate 
f
f
)ˆ(nf ˆ
f
κ  is regarded as the deformation parameter and 
the spectrum of light scattered from the deformed BEC is 
analyzed. In particular, we find that with increasing the values of 
deformation parameters κ  and 
N
1=η ( , total number of 
condensate atoms) the scattering spectrum shows deviation from 
the spectrum associated with nondeformed Bose-Einstein 
condensate. 
N
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1 Introduction 
The recent experimental realization of Bose-Einstein condensate (BEC) [1-5] has 
generated much interest in studying the properties of a BEC. One question that has 
received much attention is what signatures of BEC imprint in the spectrum of light 
scattered from BEC [6-13]. Recently, Javanainen [6] has been calculated the spectrum of 
light scattered from a low density degenerate Bose gas, in the limit of large detuning. He 
showed that the spectrum may display additional qualitative features arising directly from 
Bose-Einstein statistics and identified a two-peak structure of the scattering function, one 
at frequencies below the incident light frequency due to the recoil of the gas atoms by the 
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change in the wavevector of the photon in the scattering process and the other above the 
incident light frequency arising from the preferred scattering of an atom to an already 
occupied state of the BEC. Light scattering from a weakly interacting BEC has been 
considered by Graham and Walls [7]. They found that at large detuning, light scattering 
shows two symmetrically placed peaks whose intensities are related by detailed balance 
and their frequencies depend on the product of the scattering length and total number of 
atoms within the condensate. The weak coherent light scattering off a BEC in the limit of 
a very large trap ( 1,1 3
3
>>>>
a
Na D
D where denotes total number of condensate atoms, 
is the resonance wavelength and is the size of the trap’s ground state) have been 
considered in [8, 9]. It has been found that there exists a gap in the excitation spectrum, 
due to mixing of the atomic and photonic degrees of freedom. Because of this gap the 
resonant light will be strongly reflected back from the sharp boundary of the condensate. 
Induced and spontaneous optical processes in a condensate of an ideal (noninteracting) 
Bose gas in the limit of a small trap 
N
D a
)1,1( 3
3
>><<
a
Na D
D have been discussed by 
Javanainen [10]. He found that, in the steady state regime, a small number of atoms 
remain in the excited state and the number of scattered photons has a Lorentzian line 
shape centered at the bare atomic resonance transition frequency. You and coworkers 
[11] have been demonstrated that in the intermediate regime )1,1( 3
3
≈≈
a
Na D
D the results 
are significantly modified. They found that the line shape is non-Lorentzian and in some 
circumstances exhibits additional interesting features. Band [12] has been considered the 
excitation spectrum of the BEC in a harmonic oscillator potential and the external 
magnetic field. He found that the intensities of the scattering peaks depend strongly on 
temperature. The temperature dependence of the relative and absolute intensities of the 
peaks is a strong indication of BEC. In Ref. [13], it has been pointed out that the limiting 
of small number of atoms within the BEC could lead to significant changes in the 
spectrum of light scattered from a BEC.  
The fundamental approach in the description of BEC is the Bogoliubov method [14], 
in which the operators for condensate atoms are replaced by c -numbers. This 
approximation breaks symmetry of the resulting approximate Hamiltonian, i.e., the total 
number of atoms , may not be conserved. Gardiner [15] solved this problem by 
introducing the exciton operators which conserve the total number of atoms and satisfy 
an -deformed commutation relation. As 
N
N
f ∞→N  the standard bosonic commutation 
relation is regained. Recently, the case of the finite number of atoms has been 
investigated [16]. It provides a physical and natural realization of the -deformed boson 
[16] by using the Gardiner’s phonon operators for the description of BEC. In the last few 
years, there have attracted a great deal of interest in quantum groups and their associated 
algebra, which are specific deformations of Lie algebra. Algebraic models have been 
used very successfully in several research areas of physics and mathematics such as 
exactly solvable statistical models [17], non commutative geometry [18], nuclear 
quantum many body problems [19] and rational conformal field theories [20]. Recent 
interest in quantum groups has led to introduce the concept of -deformed boson 
oscillators [21, 22, 23] which are deformations of standard bosonic harmonic oscillator 
f
q
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algebra. The -deformed boson oscillator has been interpreted as a nonlinear oscillator 
with a very specific type of nonlinearity which classically corresponds to an intensity 
dependence of the oscillator frequency [24]. In addition, a general type of nonlinearity for 
which the intensity dependence of frequency of oscillations is described by a generic 
function , the so-called -deformation, has been introduced [25]. One of the most 
important properties of -deformed bosons is their relation to nonlinearity of a special 
type [26]. The relation between deformed radiation field and nonlinear quantum optical 
processes has been studied [27]. Recently, new insight into description of BEC has been 
obtained by understanding and applying the -deformed bosons. The type of quantum 
nonlinearity introduced by -deformation provides a compact description of physical 
effects in BEC. For example, it has been revealed how -deformed BEC produces a 
correction to the Plank distribution formula [24, 26]. In Ref. [26] it has been shown that 
the quantum nonlinearity introduced by -deformation, changes the specific heat 
behavior. It is reasonable to expect that the spectrum of light scattered from a BEC is 
modified in the presence of deformations. In Ref. [13] it has been pointed out that 
intrinsic deformation due to the number of condensate atoms, extensively changes the 
spectrum of light scattered from a BEC. We have been recently shown [28] that the 
collisions effect transforms the standard harmonic oscillator model into an -deformed 
one. It is useful to ask how the results of Ref. [13] are modified by considering the effect 
of collisions between the atoms within the condensate as a special kind of -
deformation.  
q
)ˆ(nf f
f
f
f
f
f
f
f
In this paper, we are intended to study the spectrum of light scattered from atoms 
within an -deformed BEC. The system under consideration is an -deformed BEC of 
a trapped atomic gas composed of two-level atoms, in which the Gardiner’s phonon 
operators for BEC are deformed by an operator-valued function . By considering the 
effect of collisions between the atoms within the condensate as a special kind of -
deformation, in which the collision rate 
f f
)ˆ(nf
f
κ  is regarded as the deformation parameter, we 
study the spectrum of light scattered from -deformed BEC. Such a system offers extra 
degrees of flexibility 
f
),( Nκ for the response of -deformed BEC to the laser light. We 
show that the -deformed BEC exhibits nonlinear characteristics, such that the 
nonlinearity increases by adjusting the deformation parameters
f
f
),( Nκ and the nonlinearity 
may lead to a deviation from the typical predicted spectrum’s shape.  
The present paper is organized as follows. In section 2 we present our model and we 
give an analytical expression for the light scattered from the -deformed BEC. We use 
the deformation algebra to study the condensate with large but finite number of atoms. 
Here the deformation parameter is no longer phenomenological and is defined by the 
total number of atoms. We show that the atomic collisions within the condensate can be 
regarded as an extra deformation on the intrinsically deformed Gardiner’s phonon 
operators for BEC. In the presence of atomic collisions within the condensate, we analyze 
the light scattering from the -deformed BEC. Summary and conclusions are given in 
section 3  
f
f
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2 The model and analytical solution for spectrum of light scattered from an  
-deformed BEC 
f
    We consider a system consisting of weakly interacting BEC of two-level atoms in a 
trap interacting resonantly with a classical radiation field. We introduce the creation and 
annihilation operators and , respectively, for the atoms in the excited 
(ground) state. The frequency of the laser field is denoted by
)ˆ(ˆ ++ ab )ˆ(ˆ ab
ω . Moreover, we consider a 
reservoir, beside the classical driving field. The reservoir may be taken as any large 
collection of systems with many degrees of freedom. We assume that the reservoir 
consists of many phonon modes with closely spaced frequencies  and creation 
(annihilation) operators . Therefore, under the rotating wave approximation, the 
total Hamiltonian can be written as  
kΩ
)ˆ(ˆ kk cc
+
],ˆˆˆˆˆˆ[)(ˆˆ]ˆˆ)(ˆˆ)([ˆˆˆ baccabkccbatgabtgbbH kk
k
kk
k
k
+++++∗++ ++Ω+++= ∑∑ ξω hhh               (1) 
where, )(kξ is the coupling coefficient pertaining to the internal atomic states and is 
given by , where  is the coupling coefficient for the classical field. 
)(tg
)exp( tig Ω− g
    It should be noted that in the above Hamiltonian the total number of atoms 
 is conserved ( ). To deal with the dynamics of BEC the 
Bogoliubov approximation [14] is usually applied, in which the creation and annihilation 
operators and of the ground sate are substituted by
aabbN ˆˆˆˆ ++ += 0]ˆ,ˆ[ =HN
+aˆ aˆ cN , where  is the number of 
initial condensate atoms. In this limit, the Hamiltonian (1) can be written as  
cN
].ˆˆˆˆ[)(ˆˆ]ˆ)(ˆ)([ˆˆˆ bccbkNccbtgbtgNbbH kk
k
ckk
k
kc
+++∗++ ++Ω+++= ∑∑ ξω hhh           (2) 
The fast frequency dependence of  can be eliminated by transforming to the slowly 
varying annihilation operator 
)(ˆ tb
.)(ˆ)(
~ˆ
tietbtb Ω=                                                                                                                   (3) 
The creation and annihilation operators )(
~ˆ
tb + and )(
~ˆ
tb obey the bosonic commutation 
relation  
1)](
~ˆ
),(
~ˆ
[ =+ tbtb                                                                                                                  (4)                             
We can therefore write the Heisenberg equation of motion for the operator )(
~ˆ
tb  in the 
following form  
),(
~ˆ
)(ˆ2)(
~ˆ
)(
~ˆ
tbtbNigtbitb inc Γ−Γ+−∆−=
&
                                                                  (5) 
where Ω−=∆ ω , the damping rate Γ  is given by cNγ=Γ [6] with γ  as the one-atom 
line width and is the vacuum noise operator, having the following correlation 
properties 
)(ˆ tbin
).()(ˆ)(ˆ
,0)(ˆ)(ˆ)(ˆ)(ˆ
tttbtb
tbtbtbtb
inin
inininin
′−=′
=′=′
+
++
δ
                                                                                     (6) 
 4
 In steady-state regime, by using semiclassical approximation )(
~ˆ
)(
~ˆ
0 tbtb δβ += , Eq. (5) 
can be solved and we get 
,)(
~ˆ
0 ∆+Γ
−=≡
i
Nig
tb cβ                                                                                                    (7) 
).(ˆ2)(
~ˆ
tb
i
tb in∆+Γ
Γ=δ                                                                                                          (8) 
Therefore we obtain the Fourier component of the operator )(
~ˆ
tbδ in the following form                                    
).(ˆ2)(
~ˆ ωωδ inbib ∆+Γ
Γ=                                                                                                       (9) 
 Now, we give an analytical expression for the spectrum of light scattered from the BEC. 
According to [6], the spectrum has been obtained by calculating correlation functions for 
the matter field operators. Hence in the steady-state regime, the standard definition of the 
spectrum is  
∫ ′′= + )(~ˆ)(~ˆ)( ωδωδωω bbdS .                                                                                        (10) 
By using Eqs. (6) and (10) we obtain 0)( =ωS . This means that in the long time limit, 
only the equal time correlations survive.  
As pointed out before, to deal with the dynamics of BEC the Bogoliubov 
approximation is usually applied. One consequence of this approximation is that the total 
number of atoms may not be conserved. To avoid this difficultly, the following 
Gardiner’s phonon operators are introduced [15] 
.ˆˆ1ˆ    ,ˆˆ1ˆ +++ == ba
N
bba
N
b qq                                                                                        (11) 
Gardiner’s phonon operators obey the deformed commutation relation [ ] ,ˆˆ21ˆˆ21ˆ,ˆ bbbb
N
bb qq
+++ −=−= η                                                                                      (12) 
with 
N
1=η . When 0→η or ∞→N , the standard (nondeformed) bosonic commutation 
relation is regained. In general the deformed operator  is related to nondeformed 
operator  through an operator valued function  as  
qbˆ
bˆ 1f
).;ˆˆ(ˆˆ 1 ηeeq bbfbb +=                                                                                                             (13)                               
In our particular case, we have  
.)1ˆˆ(1);ˆˆ(1 −−= ++ eeee bbbbf ηη                                                                                        (14) 
Here the deformation parameter is no longer phenomenological and is defined by the 
total number of atoms. For small deformation, the deformed boson operators   and 
could be expressed in terms of the standard bosonic operators  and  as  
+
qbˆ
qbˆ
+bˆ bˆ )1]ˆ,ˆ([ =+bb
 5
.ˆˆˆ
2
1ˆˆ)]1ˆˆ(
2
1[ˆ
,ˆˆˆ
2
1ˆ)]1ˆˆ(
2
1[ˆˆ
bbb
N
bbbbb
bbb
N
bbbbb
q
q
++++++
++
−=−−≈
−=−−≈
η
η
                                                                      (15) 
Now, we consider the effect of collisions between the atoms within the condensate as a 
special kind of -deformation. For this purpose, we remind the basic about -deformed 
oscillators in the following subsection. 
f f
 
2-1 -Deformed oscillator algebra f
 The -deformed oscillator algebra is determined by the following commutation 
relations for creation and annihilation operators
q
+Aˆ , Aˆ  and the number operator  Nˆ
,ˆ]ˆ,ˆ[         ˆ]ˆ,ˆ[ ++ =−= AANAAN                                                                                      (16) 
and the nonlinear relations  
],1ˆ[ ˆˆ      ]ˆ[ˆˆ +== ++ NAANAA                                                                                          (17) 
where the notation is defined as ][x
,][ 1−
−
−
−=
qq
qqx
xx
                                                                                                                (18) 
and  is the deformation parameter. A four-parameter generalized deformed algebra has 
been introduced in Ref. [29]  
q
.ˆ]ˆ,ˆ[         ˆ]ˆ,ˆ[         ˆˆˆˆ ˆ +++++ =−==− AANAANqAAqAA N βαγ                                        (19) 
where βα , and γ  are real parameters. Man’ko and coworkers [25] introduced the -
deformed oscillator operators, defined as a nonlinear expansion of the standard harmonic 
oscillator operators  and , 
f
aˆ +aˆ
.ˆˆˆ,ˆ)ˆ(ˆ),ˆ(ˆˆ aaNaNfANfaA ++∗+ ≡==                                                                              (20) 
The function  is specific to each deformed algebra. This function determines the 
form of nonlinearities of the system under consideration and depends on four parameters 
)ˆ(Nf
γβα ,,  and . As an example, we consider the Hamiltonian for the free -oscillator  q f
].ˆ)ˆ()1ˆ()1ˆ([
2
)ˆˆˆˆ(
2
)ˆ(ˆ
22
00 NNfNNfAAAANH +++=+= ++ ωω hh                               (21) 
Using the algebra (19) and deformation (20) we get 
.
 ,
 , ˆ)ˆ(
)1ˆ(
ˆˆ
2
⎪⎩
⎪⎨
⎧
=
≠−
−
=
−+ γα
γα
γβ
γα
γαβ
N
NN
q
qq
qq
N
q
Nf                                                                                      
(22) 
By introducing new deformation parameters  we obtain ,,, µυγµυατ −=+== eq
)]},1ˆ([exp{
)sinh(ˆ
)ˆsinh()ˆ(
2 −+= N
N
NNf υβττµ
τµ                                                                   (23) 
and the Hamiltonian of the free -oscillator (21) can be written explicitly as   f
 6
}.
)sinh(
)ˆsinh(
)sinh(
])1ˆ[sinh({
2
ˆ )ˆ(0 τµ
τµ
τµ
τµω τυυβτ NeNeH N −+ ++= h                                                     (24) 
We shall apply these results in the following subsection to illustrate the atomic collisions 
within the condensate as a specific kind of -deformation.  f
 
2-2 An example: the collisions effect 
As a particular physical example, we consider the atomic collisions within the 
condensate. The effective interaction Hamiltonian contains a nonlinear term proportional 
to  [30, 31], 2)ˆˆ( aa +
2)ˆˆ(
2
ˆ aaH I
+= κh ,                                                                                                             (25) 
where the collision rate is denoted byκ . From kinetic theory, the collision rate 
is , where rmsva
2ρπκ ≈ ρ  is the density of the atoms,  is the scattering length and is 
the root-mean square-speed of the atoms. By expanding the Hamiltonian (21) and 
considering small values of
a rmsv
υ  and  we obtain 2µ
)],,,()1ˆ(ˆ)2
2
1(ˆ)2
3
2()1ˆ2[(
2
)],,(ˆ)2
2
1(ˆ
6
1)1ˆ2[(
2
)ˆ(ˆ
422220
4222220
µυµυυµυµω
µυµυυµµω
ONNNN
ONNNNH
+−+++++
=+++++=
h
h
                     (26) 
where the interaction Hamiltonian reads as 
].ˆ)2
2
1(ˆ
6
1[(
2
)ˆ(ˆ 2220 NNNH I υµµω ++≈ h                                                                      (27) 
The Hamiltonian (27) reproduces the Hamiltonian (25) by setting and02 =µ
02ω
κυ = . 
Thus, we see that the atomic collisions effect transforms the standard (nonlinear) 
harmonic oscillator model into an -deformed one. Alternatively, we could set, ab initio 
in Eq.  (21),
f
)1(ˆ)ˆ( κκ −+= NNf to obtain the Hamiltonian (25). Therefore, the 
parameters of the generalized deformed algebra are related to the rate of atomic 
collisionsκ . As an interesting point we note that when  and  υµ 32 −=
0
2
ωυ
k=  the 
Hamiltonian (26) reproduces the Kerr-like Hamiltonian, where the monochromatic field 
Hamiltonian contains, to lowest order, a nonlinear term proportional to  )1( −NN
).1ˆ(ˆ
2
)1ˆ2(
2
)ˆ(ˆ 0 −++= NNkNNH Kerr ωh                                                                          (28) 
Therefore one can infer that up to the first order approximation the nonlinearity of the 
models under consideration due to the atomic collisions within the condensate may be 
described as Kerr-type nonlinearity.  
Subsequently, by considering the effect of collisions between the atoms within 
condensate, we can apply the extra deformation on the intrinsically deformed Gardiner’s 
phonon operators for BEC by an operator-valued function )1(ˆ)ˆ(2 κκ −+= nnf of the 
particle number operator n . Here the nonlinearity is related to the collisions between the ˆ
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atoms within condensate. The operator valued- function reduces to 1 as soon as )ˆ(2 nf
.0→κ It means that the deformation increases with the collision rateκ .                                                           
The deformed Gardiner’s phonon operators  and  are related to the operators  
and   thorough the operator valued-function as                                                                   
qBˆ
+
qBˆ qbˆ
+
qbˆ )ˆ(2 nf
.ˆˆˆˆ
,ˆ)ˆ(),ˆ(ˆˆ 22
qqq
qqqq
bbNn
bnfBnfbB
+
+++
==
==
                                                                                        (29) 
Therefore the deformed version of the Hamiltonian (2) can be written as  
].ˆˆˆˆ[)(ˆˆ]ˆ)(ˆ)([ˆˆˆ bccbkNccBtgBtgNBBH kk
k
ckk
k
kc
+++∗++ ++Ω+++= ∑∑ ξω hhh       (30) 
Note that, in the last term of r.h.s of Eq. (30), the nonlinear character of  has been 
neglected due to the weak-coupling assumption with the reservoir.  
qBˆ
For small deformation, we obtain  
.ˆ)]ˆˆ1(
2
1[ˆ     )],ˆˆ1(
2
1[ˆˆ ++++ −−=−−= qqqqqqqq bbbBbbbB κκ                                                          (31) 
By keeping only the lowest order of 
N
1=η  for very large total number of atoms  and 
by keeping only the first-order term of the collision rate 
N
κ for very low temperature we 
get   
).ˆˆˆ
2
1ˆ)}](ˆˆˆˆ1ˆˆ(1{
2
1[ˆ
)}],ˆˆˆˆ1ˆˆ(1{
2
1)[ˆˆˆ
2
1ˆ(ˆ
bbb
N
bbbbb
N
bbB
bbbb
N
bbbbb
N
bB
q
q
+++++++
++++
−−−−≈
−−−−≈
κ
κ
                                                         (32) 
By assuming all the atoms are initially in the condensate phase we get  and thus 
by using Eq. (32) the deformed Hamiltonian (30) can be expressed in terms of the 
nondeformed operators b and as follows  
cNN =
ˆ +bˆ
 
.]..ˆˆ[)(ˆˆ.].ˆˆˆ)
2
)(([
.].ˆ)([ˆˆˆˆ)(ˆˆˆ
cHcbkNcccHbbbtgN
cHbtgNbbbbbbH
k
k
kk
k
k
eff
++Ω++−
+++−+=
++++
++++
∑∑ ξηκ
ηκωω
hh
hhh
                   (33)  
Now, we consider the Heisenberg equations of motion for the relevant operators with the 
Hamiltonian (33) 
),(ˆ)())(ˆ)(ˆ)(ˆ2)(
2
()()(
)(ˆ)(ˆ)(2)(ˆ]ˆ,ˆ[ˆ
2
2
tckNitbtbtbNtigNtig
tbtbitbiHbib
k
k
eff
∑−+−−
−−−−=−=
+
+
ξηκ
ηκωωh
&
                              (34)           
).(ˆ)()(ˆ]ˆ,ˆ[ˆ tbkNitciHcic kkeffkk ξ−Ω−=−= h&                                                               (35) 
The equation of motion for the reservoir operator  can be formally integrated to 
yield  
)(ˆ tck
 8
,)(ˆ)()0(ˆ)(ˆ )(
0
tti
t
c
ti
kk
kk etbtdkNiectc ′−Ω−Ω− ∫ ′′−= ξ                                                             (36) 
where, the first term describes the free evolution of the reservoir modes and the second 
term arises from their interaction with the harmonic oscillator. The reservoir 
operator can be removed by substituting the formal solution of  into Eq. (34). 
By using the definition (3) we obtain 
)(ˆ tck )(ˆ tck
,)(
~ˆ
)()(
)
~ˆ~ˆ~ˆ
2(
2
)(~ˆ~ˆ)(2)(
~ˆ
)(
~ˆ
))((
0
2
~
22
tti
t
k
b
ketbtdkNNtf
bbbNigNigbbitbitb
′−Ω−Ω−
++
∫∑ ′′−+
+−−−−−∆−=
ξ
ηκηκω&
                      (37) 
.)0(ˆ)()(ˆ )(~ ∑ Ω−Ω−−=
k
ti
kb
keckitf ξ                                                                                     (38) 
Here, is a noise operator because it depends on the reservoir operator . The 
fluctuations in the expectation values involving the harmonic oscillator operator will 
therefore depend on the evolution of the reservoir operators. The noise operator varies 
rapidly due to the presence of all the reservoir frequencies. 
)(ˆ tfb )0(ˆkc
In view of the Weisskopf-Wigner approximation, the summation in Eq. (37) yields as 
)( tt ′−δ function and the integration can then be carried out. Therefore we obtain  
NtbetbtdkN tti
t
k
k )(
~ˆ
2
1)(
~ˆ
)( ))((
0
2 ςξ ≅′′ ′−Ω−Ω−∫∑ ,                                                                  (39) 
where, ς  is the damping constant and defined as  
).()]([2 2 ΩΩ= Dξπς                                                                                                        (40) 
Here, the density of states 32
2
)(
c
VD π
Ω=Ω , with V as the quantization volume, and 
c
Ω≡Ω ξξ )(  is the coupling constant evaluated at ck
Ω= . It is possible to make the 
substitutions )(
~ˆ
)(
~ˆ
2
1 tbNtb c Γ=ς  and )(ˆ2)(ˆ~ tbNtf incb Γ= , so we can rewrite Eq. (37) 
in the following form 
).(
~ˆ
)(ˆ2
)
~ˆ~ˆ~ˆ
2(
2
)(~ˆ~ˆ)(2)(
~ˆ
)(
~ˆ
22
tbtb
bbbNigNigbbitbitb
in Γ−Γ+
+−−−−−∆−= ++ ηκηκω&
                      (41) 
As 0, →ηκ the linear equation (5) is recovered. In steady-state by using the 
semiclassical approximation, )(
~ˆ
)(
~ˆ
tbtb δβ +=  we get 
0
2
)(
2
)(2)(2 222 =Γ−−−−−−−−∆− ββηκβηκββηκωβ gNigNigNiii   (42) 
By solving the above equation, we get the steady-state value of the field. The solution of 
the Eq. (42) reduces to Eq. (7) as soon as 0, →ηκ , as depicted in Figs 1 and 2.  
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By keeping only the first order term of the fluctuation )(
~ˆ
tbδ  the dynamics of the small 
fluctuations is given by  
),(ˆ2)(
~ˆ
)(
~ˆ
)(
~ˆ
tbtbBtbAtb inΓ++= +δδδ
&
                                                                          (43) 
where 
.)(2)(
,)(4))((
2
2
βκηωβκη
βκηωββκη
−+−=
−−+−+Γ−∆−= ∗
igNiB
igNiiA
                                                   (44) 
Therefore, the Fourier component of the operator )(
~ˆ
tbδ  reads  
)},(ˆ)(ˆ]{[
)(
1)(
~ˆ ωωωωωδ
+∗ +−= inin bBbAiEb                                                                    (45) 
where 
).()( 222 ∗+−−−= AAiBAE ωωω                                                                                (46) 
Finally, by using Eqs. (6) and (45) the spectrum of light scattered from the -deformed 
BEC under consideration is obtained as  
f
.
)(
)(
~ˆ
)(
~ˆ
)( 2
2
ωωδωδωω E
B
bbdS =′′= ∫ +                                                                        (47) 
When the limit 0, →ηκ is taken, the result of Eq. (10), ,0)( =ωS  is recovered. 
In Fig 3, we show the three-dimensional plot of the spectrum  as a function of 
normalized frequency 
S
γω / and total number of atoms  in the absence of atomic 
collisions
N
).0( =κ We see that the spectrum  vanishes for S )(0 ∞→→ Nη . The 
spectrum  shows a peak with decreasing the number of atoms, since the increasing in 
deformation parameter 
S
η  results in large nonlinearity, which may lead to observable 
effects on the spectrum of the scattered light. To observe the collisions effect, for a given 
number of atoms, we need to plot the spectrum  as a function of normalized frequency S
γω /  and the collision rateκ . This is shown in Fig 4. We see that the spectrum  
increases with the deformation parameter 
S
κ . The reason is due to the fact that 
considering the effect of collisions between the atoms within the BEC requires a 
deformation of the bosonic field [26]. Hence the presence of nonlinearity leads to a 
deviation from the usual predicted spectrum’s shape. In the absence of atomic collisions 
the results of Ref. [13] is recovered.  
 
3 Summary and conclusions 
In summary, we have studied the spectrum of light scattered from an -deformed 
BEC of a gas of two-level atoms in which the Gardiner’s phonon operators are deformed 
by an operator-valued function , of the particle-number operator . By considering 
the effect of collisions between the atoms within the condensate, we have applied the 
extra deformation on the intrinsically deformed Gardiner’s phonon operators for BEC. 
We have found that the presence of deformation parameters 
f
)ˆ(nf nˆ
η  and κ introduce 
nonlinearity, which may lead to observable effects on the spectrum of light scattered. 
Also, we have found that the deformation parameters  η  and κ play an important role in 
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determining the spectrum of light scattered from the BEC. The scattering spectrum 
vanishes for 0, →ηκ . i. e., in the absence of deformations the usual predicted 
spectrum’s shape is recovered. As pointed out before, the collision rate is  . 
Therefore we can adjust the value of the collision rate
rmsva
2ρπκ ≈
κ  by changing the density of the 
BEC. For example, lowering the temperature of the BEC increases the condensate density  
ρ   , hence increases the collision rateκ , leading to increasing of deformation. The -
deformed BEC exhibits nonlinear characteristics and the nonlinearity leads to a deviation 
from the usual predicted spectrum's shape. 
f
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Figure captions  
 
Fig. 1. The quantity 0ββ − as a function of the total number of atoms  forN κ =0 (no 
collision) and , 0=∆ 50/,5.2 == γωγg and .2)arg()arg( 0 πββ ==  
 
Fig. 2. The quantity 0ββ −  as a function of the collision rate κ  ,when the total 
number of atoms  and the values of other parameters are the same as those in 
Fig. 1. 
100=N
 
Fig. 3. The spectrum )(ωS  of light scattered from BEC as a function of the total number 
of atoms  and the normalized frequency N γω /  in the case of no collision (κ =0). Other 
parameters are the same as those in Fig. 1. 
 
Fig. 4. The spectrum )(ωS of light scattered from BEC as a function of the collision rate  
κ  and the normalized frequency γω /  when the total number of atoms  . Other 
parameters are the same as those in Fig. 1. 
100=N
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